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Abstract 
Kulev, G.K., Uniform asymptotic stability in impulsive perturbed systems of differential equations, Journal of 
Computational and Applied Mathematics 41 (1992) 49-55. 
In the present paper the uniform asymptotic stabilitv of the zero solution of perturbed impulsive systems of 
differential equations with unfixed moments of impulse action is investigated. The direct method of Lyapunov 
is used, but the auxiliary functions possess first kind discontinuities on the impulsive hypersurfaces. 
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1. Introduction 
In relation to various applications in biology, mechanics, radioelectronics, control theoiy, etc. 
in the recent years still more intensively the theory of impulsive systems of differential 
equations is elaborated. These systems are a basis for the mathematical simulation of numerous 
processes and phenomena, characterized by the fact that at certain moments of their evolution 
they undergo short-time, momentary changes. Moreover, the mathematical theory of the 
impulsive systems of differential equations is much richer in problems in comparison with the 
corresponding theory of ordinary differential equations. Among the numerous publications we 
shall mention the monographs [1,8,9], as well as the papers [3,5-71. 
In the present paper we shall investigate the uniform asymptotic stability of the zero solution 
of perturbed impulsive systems of differential equations in the presence of such stability for the 
corresponding nonperturbed system. The investigations are carried out by means of piecewise 
continuous functions, which are analogues of Lyapunov’s classical functions [1,5-8]. Analogous 
results on nonimpulsive systems of differential equations are contained, e.g., in [2,4]. 
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2. Preliminary notes, notation and definitions 
m be an n-dimentional Euclidean space with arbitrary norm I- 1 and let R+ = [O, CQ)- 
ea, for a constant p > Od let S(p) = {x E IV: I x I < pl- 
Consider the following impulsive system of differential equations: 
i =f(t, x) +g(t. x), t + Q(X), 
(1) 
n, Ik, P,:S(p)-,R”, k-l,2 ,..., r~:S(p)-,R+, k=l,2 ,..., 
her with the system (1) we also consider the impulsive 
system 
j =f(t, Y). t #Q(Y), AY I t=rko’) = Ik( Y )= (2) 
Such systems are characterized by the fact that under the action of a short-time force 
(impact, impulse) the mapping point (t, x( t 1) from the extended phase space R, X S(p), when 
meeting some of the hypersurfaces 
ok = ((t, .x) E +xs(p): t =rk(x)), k= 1, 2 ,..., 
is transferred momentarily from (I, x(t)) into the position (t, x(t) + &(x(t))). 
Impulsive systems of the form (1) and (2) are described in detail in [ 1,8,9]. 
Let (t,, x,) E R+ X S(p). Denote by x( t; t,, x0) ( y( t; t,, x,)) the solution of system (1) 
(system (2)) satisfying the initial condition x( t, + 0; t,, x,) =x,, ( y(t, + 0; t,, x0) =x0). 
We shall say that condition (A) is met if the following conditions hold: 
(p), RR] and f(t, 0) =g(t, 0) = 0, for t E 08,. 
,W] and r,(o)=p,(o)=o, k=l,2 ,... . 
1, k = 1, 2,. . . . 
- - l < r&) < l l l and lim, ,&(x) = 0, x ES(p). 
We shall say that condition (B) is met if the following condition holds: 
(B) The integral curve of each solution of system (1) meets each of the hypersurfaces ok, 
k = 1,2,..., at most once. 
When condition (I3 is met, we say that for system (1) the phenomenon “beating” is not 
observed. Sufficient conditions for absence of the phenomenon “beating”’ were obtained in 
]1,%8,91= 
Definition 1, The zero solution of system (1) is called 
(a) eventually uniformly stable if 
(VC > 0)(X = T(E) > 0)(36 = 8(E) > O)(Vt, 2 T)(Vx, E S(P) f-l S( 6)) 
(Vt > t,): x(t; to, X&a(E); 
(b) unifomtly stable if 
(k > 0)(36 = is(~) > o)(Vt, E R+)(~x, E s(p) n S(s))(Vt > t,): x(t; t,, x0) E S(E); 
(c) uniformly attracthe if 
(36, > O#k > Oj(30 = O(E) > O)(VQ E ~+)(V+J E S(P) f-w4l)) 
(Vt 3 t, +o): x(t; t,, x(-&ES(E); 
(d) uniformly asymptotically stable if it is uniformly stable and uniformly attractive. 
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It is clear that if the zero solution of system (1) is unique to the right and is eventually 
uniformly stable, then it is uniformly stable. 
In the further considerations we shall use the class Y$[R+ x S(p), R,] of piecewise continu- 
ous auxiliary functions I/: R+X S(p) + R,, which are an analogue of Lyapunov’s functions 
[5-71. 
Let T&X) = 0 for x E S(p). Consider the sets 
Gk=((t, x)ER+XS(p): T~_~(x)<~<T~(x)), K=l,2,..., G= (jG,. 
k=l 
Definition 2. We shall say that the function V : R, x S(p) + IF!,, ( t, x) + I/( t, x) belongs to the 
class ~o[lR+X S(p), W,] if the following conditions hold: 
(1) The function V is continuous in G and is locally Lipschitz continuous with respect to x 
in each of the sets G,. 
(2) V(t, 0) = 0 for t E IR,. 
(3) For each k = 1, 2,. . . and for any point (to, x,) E ok there exist the finite limits 
V( t, - 0, x0) = 
(l,(;j$gTo,V(t, x), WO + O, xO) = (t, r)!!:,* /(t, x), 
. I, (I, x)EG~+, 
and the equality I/( to - 0, x0) = V(to, x0) holds. 
Let VEY~[[FB+X S(p), IR,]. For (t, y) E G we set 
qt,(t, y) = lim sup h-‘[V(t + h, y + hf(t, y)) - V(t, y)]. 
11+0+ 
Analogously one can define I/c&, x) for arbitrary functions I/E y^,[R+X Sip), R,], (t, x) E 
G. 
From condition (1) of Definition 2 it follows that if y = y(t) (x =x(t)) is a solution of system 
(2) (system (l)), then for t z Q(Y) (t z T&X)), K = 1, 2,. l ., the equality 1/;2)(t, y(t)) = 
D+V(t, y(t)) C<,Jt, x(t)) = D+V(t, x(t))) holds, where 
D+V(t, y(t)) = 1 im sup h-‘[V(t + h, y(t + h)) - V(t, y(t))] 
k-+0+ 
(D+V(t, x(t)) = lim sup h-‘fl/(t +h, x(t + h)) - V(t, x(t))]) 
/1+0+ 
is the upper right Dini derivative of the function V(t, y( t )) (I/( t, X(t))). 
Denote by z the class of all continuous and strictly increasing functions a : R+ --) R+ such 
that a(0) = 0. 
3. Main results 
Theorem 3. Let the following conditions be Jiclfilled. 
(1) Conditions (A) and 03) hold. 
(2) For some p1 E (0, p) there exists a functiori V E To[R+ X S(p 1 ), R + 1 such that 
(i) a( 1 x I) < I/(t, x) < b( Ix I), for (t, x) E b!i,X S(p,), where a, W, ~1) -+ R+, a, b Ex; 
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(ii) Xl) - nt, x,) I < L(t) I Xl -x2 I, for (t, xl), (t, x2) E G, n B+x S(p,)l, k = 
1, 2,. .., the function L is piecewise continuous; 
(iii) ri;,,(t, y) s -cC/(r, ~1, for Qt, y) E G n [R+x S(p,)l, where 0 < c = const.; 
(iv) v(t + 0, x + I,(X)) G ~(t, x), for 0, x) E ok n B+x Q)l, k = I,& l l . . 
a local& integrable firnction B : R, + R, and nonnegative 
< B(t), for (t, .d E R+X s&k 
ha lim,*, Lr&,<H.l L(Q(x) + 0)6, = 0, for x E S(pz). 
(4 The zero solution of system (11 is unique to the right l 
(5) There exists a PO, 0 < PO < p*, such that x E S(p,) implies that x + ZJx) E S(p*), where 
P* = midp,, p& 
lihen the zero solution of system (1) is unifomzlj asymptoticaly stable. 
f. First we prove that the zero solution of system (1) is eventually uniformly stable. 
Suppose the opposite. Then using Definition l(a) and condition (5) of Theorem 3, we obtain 
that there exists e9 0 < E < po, sequences (&}, {qi) c 08, for which qi > &i > i, i = 1, 2,. l l , and a 
sequence (xi} c S( p,) for which 1 xi I < l/i, i = 1,2,. . . , so that 
Ix(t; (iv q,)l <PO, for &iXt<qi9 i= 19 2,=.-, 
and 
E< IX(qi; si, Xijl <P*, i= 1,2,... . 
Using the fact that lim, __j~/* exp( -c(t - u)) du = 0 and condition (3)(vii) of Theorem 3, 
we obtain that 
lim 
/ 
‘L(u)B(u) exp( -c(t -u)) du = 0. (3) 
t-r. () 
Let tf)= - 1 k(~(tt); 5i, Xi)) be the moments at which the solutions x(t; ei, Xi), i = 1, 2,. . . , 
meet the hypersurfaces aa, k = 1, 2,. . . . Using that lim, Jo < ,kI < ,/,exp( - c(t - tt))) = 0 and 
condition (3)(G) of Theorem 3, we obtain that 
lim C L(tF’+O)b, exp(-c(t-tt)))=O, i=1,2,... . 
t+rr: 
o<tp<t 
From equations (3) and (4) it follows that we can choose the positive integer m such that 
exp( -c(qm -u)) du < ia(E) 
L 
(5) 
and 
c L( tLm) + O)b, exp( -c( qm - timI)) < &z(E). 
L-=tP’-Ln 
(6) I 
From the definition of cl, and q2, it follows that 
I$,(?, x) G qz,(t, x) + lim sup h-‘[V(t +h, x +hf(t, X) +k(t, x)) 
h-+0+ 
-v(t +h, x +hf(t, x))], 
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for (t, ;i) E G. Using conditions (2)(u), (2)(iii) and (3)(v) of Theorem 3, we obtain that for 
(t, x) E G the inequality 
I<,#, x) < -cV(t, x) + L(t)B(t) (7) 
holds. 
Moreover, from conditions (2)(ii) and (3)(vi) it follows that for (t, xl E ok, k = 1, 2,. . . , the 
inequality 
V(t+O, x+I&)+P&))<V(t, x)+L(t+O)!+ (8) 
holds. 
Then from equations (7) and (8) it follows that for 5, < t < qnl we have 
v(t, x(t; 5,, x,,)) G WI + 09 %?I) exp( -c(t - 5,)) 
+ 
/ 
t L(u)B(u) exp( -c(t - 11)) du 
5 ,” 
+ 2 L( tp) + O)b, exp( -c( t - @I)), 
&aj,‘“‘<t 
from -which: letting t = q,,# and using condition (2)(i) and equations (5) and (6), we obtain 
1 
+L,, x(T,,,; S,,, x,,,)) <b - + 
( 1 1 
‘“‘WW(u) exp( -+I,,, -u)) du 
+m c (“‘L( ty) + O)b, exp( --c(q, - tim))) <a(e). 
5fn < rim’ < q?m 
On the other hand, from the condition 1 x( qm; 5,, x,) 1 > E and from condition 2(i) it 
follows that 
V(77,W +L?z; L x,,)) 2 a( I +Ll; L %?l) I) 2 44 
The obtained contradiction shows that the zero solution of system (1) is eventually uniformly 
stable. From condition (4) of Theorem 3 it follows that the zero solution of system (1) is 
uniformly stable. 
Now we prove that the zero solution of system (1) is uniformly attractive. From conditions 
(3)(vii), (3)(viii) and (5) it follows that there exists S E (0, pO) and T > 0, such that 
b(6) + sup/‘L(u)B(u) exp( -c(t -u)) du < $a@,) 
t>T 0 
and 
sup c L(T/JX) +O)b, exp( -c(t-+))j < Md9 
tai’- o<rA(x)<t 
for x E S(p,). 
Moreover, from t E [0, T] and I x0 I < 6 it follows that 
Ix(t; to, x,)1 <po, for t,<t<T. 
(9) 
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that the zero solution of system (1) is not uniformly attractive. Then using 
Definition l(c) and condition (5) of Theorem 3, we obtain that for the chosen number 6 there 
exists E, 0 < E < po, sequences (I$ {vi} c R+ for which vi > & + i, i = 1, 2, . . . , and a sequence 
xi1 <&i=1,2 ,..., suchthat 
<PO, fOr&<!<?ji, i= 1,2 ,..., 
and 
x(qc; &, x,)1 2E, i= 1,2,... . 
Let the positive integer number m be chosen such that 
and 
b(6) exp( -cm) + l?“L(u)B(u) exp( -c(q”, -u)) du < $(r) 
t -m 
z L(rim)+ O)b, exp( -c(qm - fkm))) < $a(e). 
<nr <tl”“” <i)m 
From equations (7) and (81 it follows that for 5, < t < v,~ the inequality 
(11) 
(12) 
v(t, x(t; trnv A.,)) G V(S, + 0, xnJ exp( -c(t -5,)) 
+ / qmL(u)B(u) exp( -c(t -u)) du 
+ E,c L( tim) + O)b, exp( -c(qm - timI)) < a(c) 
Cm < rim’ < 17m 
holds, from which, letting t = q,,, and using condition (2)(i) and equations (11) and (12), we 
obtain 
V(rl,n~ x(rlm; s,, -L)) G 46) exp( - cm) + lvmL(u)B(u) exp( -c(qm -u)) du 
6 - m 
+ c L(t f@+ O)b, exp( -c(q, - tp))) <a(e). 
5m<fP’c9m 
On the other htind, I x(il,; 5,, xm) 1 >, e and frz~ condition (2)(i) it follows that 
V(77Iw elm; 5,9 -%?l)) 2 a( I x(r7m; lm9 x,) I) 2 44. 
The obtained contradiction shows that the zero solution of system (1) is uniformly attractive 
and therefore it is uniformly asymptotically stable. 
This completes the proof of Theorem 3. q 
Theorem 4. Let the following conditions be fklfilled. 
(1) Conditions ( 1) and (2) of Theorem 3 hold, condition (2)(k) being replaced by the condition 
(iva) V(t+O, x+I,(x!+P,(x))~V(t, x), for (t, x)Eu~~[IR+xS(~,)], k=l,2,... . 
(2) For some pz E (0, p) there exists a function q : R, x [0, pJ + R, such that 
ba) 170, - 1~2, for each t E R,; 
(via) L(t)&, r) < cara( for (t, r) E R+x W,, where 0 <a! < 1; 
g(t9 x)1 < 170, Ix I>, for (t, x) E R+X S(pJ 
(3) Condition (5) of Theorem 3 holds. 
Tkn the zero solution of system (1) is uniformly asymptotically stable. 
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Proof. From conditions (2)(i)-(2)(K) of Theorem 3 and from conditions (l)(iva) and (2) of 
Theorem 4 it follows that for (t, x) E G n [R, X S(p,)] the following inequalities hold: 
v;&, x) < li(z,(f, x) + L(t) I g(h x) I G -cqt, x) + L(f)q(f, Ix I) 
< -cV(t, x)+ccua(IxI)< -(1-+V(t, x), 
which, together with conditions (11, (2)(i), (2)(iii) and (2)(k) of Theorem 3 ensure uniform 
asymptotic stability of the zero solution of system (1) (see [S, Theorem 3 and Corollary 11). q 
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